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Radiative corrections to muon decay in leading and next to leading
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We have noted that the electron spectrum of muon decay in the leading logarithmic approx-
imation calculated in two lowest orders of the perturbation theory in the paper of Berman
(1958), can be reproduced by the parton language. This fact permits one to generalize the
result to all orders of the perturbation theory using the structure function method.
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I. INTRODUCTION
The lowest order radiative corrections (RC) to the muon weak decay width where calculated
about fifty years ago [1]. The result for the electron spectrum in muon decay including RC was
obtained in the form
dW (1)(x)
dx
=
dWB(x)
dx
[
1 +
α
2pi
h(x)
]
, x =
Ee
Emax
, h(x) = A(x) + LB(x), L = ln
M2
m2
(1)
with the spectrum in Born approximation
dWB(x)
dx
= 2WB, WB =
G2M5
192pi3
x2(3− 2x), (2)
here M is the muon mass, m is the electron mass, L is so called “large logarithm” (L ≈ 12). The
result of lowest order RC including is presented in the expression h(x), or in the functions A(x)
and B(x) respectively [2]
A(x) = 4Li2(x)−
2pi2
3
− 4 + 2
[
3 ln(1− x)− 2 ln x+ 1
]
lnx− 2
1 + x
x
ln(1− x)
+
(1− x)(5 + 17x− 16x2)
3x2(3− 2x)
lnx+
(1− x)(−22x + 34x2)
3x2(3− 2x)
,
B(x) =3 + 4 ln
1− x
x
+
(1− x)(5 + 17x− 34x2)
3x2(3− 2x)
. (3)
One must remark that the result of the calculations does not suffer from the ultraviolet and the
infrared divergences. Besides it satisfies Kinoshita–Lee–Nauenberg (KLN) theorem [3] about the
2cancellation of mass singularities, namely the total width is finite in the limit of zero electron mass
1∫
0
dx
dWB(x)
dx
B(x) = 0. (4)
The mechanism of the realization of KLN theorem can be understand from the positions of
parton interpretation of Quantum Electrodynamics (QED). Really, one can be convinced in the
validity of the relation
1
2
x2(3−2x)h(x) = (L−1)
1∫
x
dy
y
y2(3−2y)P (
x
y
)+K(x), K(x) =
1
2
(A(x)+B(x))x2(3−2x), (5)
where
P (z) =
(
1 + z2
1− z
)
+
= lim
∆→0
[
1 + z2
1− z
θ(1− z −∆) + (2 ln∆ +
3
2
)δ(1 − z)
]
is the kernel of the evolution equation of twist two operators. Using the property
1∫
0
dxP (x) = 0,
one can validate Eq. (4)
WB
1∫
0
dxx2(3− 2x)B(x) =
1∫
0
dx
1∫
x
dy
y
dWB(y)
dy
P (
x
y
) =
1∫
0
dy
dWB(y)
dy
y∫
0
dx
y
P (
x
y
) = 0.
Considering the process in Born approximation as a “hard” process and applying Collins factoriza-
tion theorem about the contributions of the short and long distances one can generalize the lowest
order result to include all terms of the sort (αL/pi)n (leading logarithmical approximation (LLA))
as well as the terms of the sort α(αL/pi)n (next to leading approximation (NLO)) in the form
dW (x)
dx
=
1∫
x
dy
y
dWB(y)
dy
D
(
L,
x
y
)(
1 +
α
pi
K(y)
)
, (6)
with
D(L, z) = δ(1 − z) +
α
2pi
(L− 1)P (z) +
1
2!
( α
2pi
(L− 1)
)2
P (2)(z) + . . . , (7)
and
K(y) =
[
2Li2(y)−
pi2
3
−
1
2
+
[
3 ln(1− y)− 2 ln y + 1
]
ln y −
1 + y
y
ln(1− y)
+
1− y
6y2(3− 2y)
[
(5 + 17y − 16y2) ln y + 5(1 − y)
]
+ 2 ln
1− y
y
]
y2(3− 2y). (8)
For the numerical calculations one can use for the structure function D(L, z) from Eq. (7) the
”smoothed” (but equivalent) form [4]
D(L, z) =
β
2
(1− z)
β
2
−1
(
1 +
3
8
β
)
−
β
4
(1 + z) +O(β2), β =
2α
pi
(L− 1). (9)
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Fig. 1: The deviation of the electron spectrum in muon decay from the spectrum in Born approximation:
for the lowest order (I.), for all orders (II.) of perturbation theory.
One can find useful relation
1∫
x
dy
y2
D
(
L,
x
y
)
Ψ(y) =
1∫
x
dy
y2
D
(
L,
x
y
)[
Ψ(y)−Ψ(x)
]
+
1
x
Ψ(x)
1∫
x
dzD(L, z) (10)
with
Ψ(y) = y3(3− 2y)
(
1 +
α
pi
K(y)
)
,
1∫
x
dzD(L, z) = (1− x)
β
2
(
1 +
3
8
β
)
−
β
8
(1− x)(3 + x) +O(β2).
For the comparison we have given in Fig. I the numerical values of the quantity 96pi
3
G2M5
(
dW (1)(x)
dx −
dWB(x)
dx
)
pi
α
= 12h(x)x
2(3− 2x) – the curve I., and the quantity 96pi
3
G2M5
(
dW (x)
dx −
dWB(x)
dx
)
– the curve
II., calculated in LLA and NLO approximations (see (6),(10)). One can see that the spectrum
contrary to the result of lowest order of perturbation theory is well defined in the whole region of
x including x→ 0 and x→ 1. The total width with RC does not contain “large logarithm” due to
the property
1∫
0
dzD(L, z) = 1. In our approach we have obtained
W =WB
[
1−
α
2pi
(
pi2 −
25
4
)
+ o(α2)
]
. (11)
Let us note, that the terms of order α2 were calculated in [5].
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